Statistical Mechanics

Description
1) Mechanics: Classical: position, momentum, force, equations of motion, time evolution

Quantum: uncertainty principle, wave function, “wave” equations
2) Thermodynamics: work, heat, energy, entropy, processes, equilibria, non-equilibrium

thermodynamics.

3) Statistical thermodynamics: postulates, ensembles, partition functions,

thermodynamic quantities

4) Statistics: probability, averages, variance, covariance, tests, analysis, trends

Classical Mechanics

e VO-v(O)=2[[F(xyzt )dtr
dat?’ r(t)-r(O):fgv(t’)dt’

1) Equations F=m

=/ ro )
2) T US t atrajectory of the particle

Newton laws, Lagrange’s and Hamiltonian’s equations, equivalent forms for Newton’s laws

Inter particle interaction F = —Gm,;m,7/r? only attractive!

Quantum Mechanics

1) Ax Ap, = h/2;in 61[)(;‘,1&) = H(r, t); solve the equation subject to boundary

0

conditions

Note i = v—1, phase factor important in time evolution; derivation of intermolecular forces



3)

Thermodynamics

1) AE=q+wAs="Tev/n 5= J, 2dT, 5(0) > 0 others f's H, A, G, p;, Keq, 9S/0t (non-
eq. thermodynamics entropy production)
Statistical Mechanics

1) principle of equal a priori probabilities, p(E;) = p(E,) if E; = E,; see p(head)= p(tail) if

both faces are “equal”

2) Ensemble average = time average

— Ensemble, partition function, thermodynamics Q = Z e Pf, B =1/ksT,<E>=—0 InQ/dp

A=-kg T InQ
Input to st. thermo ~ Molecular energy levels, inter molecular forces.

Time Av < D> = lim;_,, 7 [ D(t")dt’
. 1on
For discrete measurements, —~ D=1 D;

i.e. Average speeds of molecules, Average energies, .. very difficult to measure

Ensemble: A large imaginary collection of systems with identical macroscopic parameters s. a.

N, V, E or N, V, T but different microscopic arrangements

Micro canonical ensemble

N,V, E

Total energy of a member =} n; €;

n; = no. of molecules with energy €;



€; measured w. r. t some reference z p e.

Each member isolated cannot exchange heat with surroundings.

Total energy E can be obtained in many ways

Eg. If N =20, and E = 20e and molecular energies are €,2 €,3 €, ....

11 1 1 1 2 0 20!
Then (0, Coe3eacsese w0)and W= 112131
1 20!
(O,O...,ZOE)areW_ 501

Two possible arrangements given above giving E = 20€

The no. of ways of achieving the above configurations is given by

N!

nqin,!l.n;g!

For large N, W increases very rapidly
W = weight of a configuration
Among many conceivable configurations, which is the most probable?

To find Wy, use InW

dinW) =5, (%57 dn; ¢

But all n; s are not independent, as
Y.n; = N = constant and Y, €; n; = E = constant

Zdni=0 -2

Y€ dn; =0 B 3}Constramts



Use Lagrange’s method of undetermined multipliers

olnw

dinW =Zi?dni+a2dni—ﬁz Ei dni
al

:Zi( nW—a+,8 Ei)dni =0
ani

As all n;s are now independent

For the most probable distribution, the coefficient of each dn; in (4) is zero

alnw
ani

—a+,3€l-=0

Use Stirling’s approximation InN! = NInN — N
InW =1InN!—1In (n;!n,!..)
=NInN-N-3%;n!
~ NInN — N — ¥ n;ln n; + }¥;n;
~ NInN — }jn;Inn;

dinw .
= —In n; + 1 as n; and n; are independent

on;
~ —In n; as n; are also large
~ —Inn; + a — fe; = 0 or n;, the most probable of n;
n; = exp( a — Be;)

But Yni=N=Y,e% P



net = N/Z e PEi

e Bei

From 7 and 9 Di = W

= |3,
Il

Molecular partition function:
q =Y e Pé, €; ~ molecule energy states

If i level has degeneracy g;, then

q =Y gie P sum over levels

eg: linear heteronuclear diatomic (€; = hcBJ(J + 1);J = 0,1,2 ... ; B = rotational constant in cm

e.g. Buc™ = 10.6cm™

By,-60.84 cm*

J™level is (2J+1) fold degenerate

(e.g. p level in H atom is 3 fold degenerate)
Distinguish between levels and states

2p ...
2s ...t 3 levels, but 5 states

1s....

q = sum over states = ¥52.(2] + 1) e"FheBI0+D)
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Last lecture microcanonical ensemble N, V, E
T varies between systems.

T determined by the most probable distribution or distribution with maximum weight, W~

n; e Pei

N g b plot In p; Vs ¢ to get slope = -

Canonical ensemble N, V, T fixed for each member.
Example

1) Imagine several 1 liter cells of water in a swimming pool
2) Single 1 liter cell in the pool at different times
Here E; varies from member to member

What is p (E;) = p;, the probability that a given member with energy E; ?
p; = fraction of members of the ensemble with energy E;

Construct ensemble as follows

N = total no. of members of the ensemble
n; = no. of members with energy E;

Y. n; E; = E total ensemble energy , fixed
2.n; = N = fixed

W = wt .of the distribution ngy, n, ...



W = nLr'u , maximize W subject to the two constraints as in the earlier case

* ~BE; . - . .
% =p; = ﬁ canonical probability = fraction of members with energy E;

= probability of finding a system with energy E;

Alternatively consider the role of the reservoir

Eiwta — Ei = energy of reservoir

Consider an ensemble of such systems with different E;

We wish to calculate p; = p (E;) of the system

p(E;)) &< W' (E¢otar — Ei) = no. of ways in which the reservoir can accommodate energy E;
p(E;) = CW'(E¢otar — Ei), C = constant

All members with E =E; equally probable principle of equal a priori probability

Since E; <<< Eya , expand In W' as

olnw'’
InW' (Etorar — Ei) = InW' (Egorar) — ( 3E )E Ep
t
depends on E; & reservoir
!
Letp = +222

Inw' (Etotal - Ei) =InW’ (Etotal) — BE;

W/(Etotal - Ei) = VV’Etotale_BEi

13 Classical Limit

dx dpy ~ h, minimum volume of phase space (q, p)
Proportionality factor h* for each particle
N particles h*"

Q- q"/N!

Q = Zie_BEi = N|}113NquNdee_BH(p’q)

= Q. the classical limitof Q ash - 0; }; —» ﬁf dp" [ dgN

211ka)3/2

Recall also, g4 = ( =



8T2IkT d kT
T h qv hv

Quantum partition functions, i.e

Partition functions and averages in terms of operators and wave functions

Q=Y e P, <M >= Y Mje PEI/Q

H = hamiltonian, E; : eigenvalues and  1p;: normalized eigenfunctions of #
Hipj = Eppj; H™p; = By

e Py, = (Z%ozo (_ﬁ)nﬂn) Y

n!

Z(;f)" EMp; = e—BEjl/Jj

e PEi = [y, e Py dr

Q=YjePEi =39, e Py;dr ; dr = diV

Generally (e‘ﬁf’{)ij = [¢;"e P"yp;dr,  amatrix element ij of the operator e =A%
Q =X,(e "), = T,(e P™), the trace

Trace is independent of the basis function v; i.e. if y; are replaced by ¢; = ¥, ajn ¥y,
Where a;, = [ 5, ¢; dt

¢j normalized, i.e. ¥ aji aj; = 6j Y @ =1

Yjs can be expressed in terms of ¢;s too

Y5 = Yt bst br, by = [ pfhs dT = ajs From (1) * = complex conjugate

“ Y bjn bjn = Xy apj anj =1

Now [ e P ¢; dr

= Zj Zm Zn a;m ajne_ﬁEn fl/)r*n Yndt

5mn
= Zj Yn ajfnajn e Fhn = Zne_BEn =q
Independent of the orthonormal basis ¢,

1) fd)]* $rdr =%, mea;nalm Ynm dt



=Yn2m a;nalmé'nm =2n a;naln = 0j
If M is the operator for variable M, M;; = M; = [yj Mi;dt
Z] Mje_ﬁEi = Zje_ﬁEi fll)]* Mlpjd'[ = Z]fl/)]* Me_ﬁEjl/deT = ijl/)]* Me_ﬁ}[l/)jd'l'
— 3,(f1e7) = T,(e57)

_ZmMpe " (fie=P%)

<M > Zje_‘BEf N Ty (e~F%)

Defining the density operator p as

~ e BH
P = rlepmy

The matrix elements of j are the density matrix or the elements of the density matrix
<M >=T.(Mp)
As h — 0 (the classical limit)

J.-J ap dq M(p,q)e” P @D

<M>= [..[dpdq e~ BH (.9

Now we need to prove that

Q= Zje‘BEi becomes, as h = 0 N'hﬁf .. [e P dp;, ... dpy,dqy, ...dqy
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Q=3[ ¢je P ¢;de 1)

Derivation due to Kirkwood
R oN g2 S o
H = K+ U= _mzizlvi + U(T‘l, ...T'N)
To write (1) as an integral over ps and gs, use eigenfunctions of the momentum (p) operator
- ihV; Px =75,

u(p_{, Dz, - T1y - TN) = €XP [ﬁZﬁ'zlﬁ"fﬁ], —ihAVu = pju



Express ¢;s in terms of u; i.e. expand ¢; in terms of u

¢ - T) = [ [ 4 (P, . P)e PP ... dBy )
We will avoid symmetry properties of ¢; which give the factor N!; ¢; eigenfunctions of #

(2) gives ¢; as a FT of A;(py, ... py)- The inverse FT gives A

i

- - 1 - - A - -
Aj(By, .. Py) = Wf (P, Ty) e REPRTRGR ATy (3)

Use (2) in (1)

Q=X;i[ [ G A (B, ...5N)e-ﬂﬂe£2pk'rkd51 . dp), dFy ...dFy
Express A; using (3). Use r{, 15 ... to distinguish between r; & r{ variables
Q=

- - ' ' —LE ,r, _ﬁ}[ LZ ' — — - - 7 -
h=3N | f{zj b (71, ...rN)qu(rl, ...rN)}e nePeke  en®Pikdp . dp, dFy ..dFydr'y..dry
(4)
Properties of FTs and § functions g(k) = (2m)™%/2 [* f(x)e **dx
f(x): Single valued, finite no. of finite discontinuities, maxima and minima and f_oooolf(x)l2 dx = finite
f(x) = 2m)~1/? ffooog(k)e“"‘dk, f(x), g(k) an FT pair

—

In3d, v(k) = 2r)32 [[[~ v(#) e *7dF

V(@) = 2n) 22 [[f° v(k)e* dk

5(x)

J2 8(x — a) p(x)dx = p(a)

JZ 8(x)dx =1
FT of §(x) Area (1)
(2m)~2 [% §(x) e"*dx = (2m)~V/?

§(x) = (2m)~* [e™ dx

In3d, (2m)~%/2 [[[*_e~*7§(k)dk = (2m)~3/2



5(K) = 8(k)8(ky)8(k,) = 2m)2 [[f* etk

In spherical coordinates, and for functions depending on |#| and |k|

-

v(k) = 2m)32 [[[7 V(i) e *Td
d7 = dx dy dz =r?sin dr df do

k.# = krcos6

v(k) = (2m)~3/2 I Iy fozn drsin@ dr df de r2e~*rcosOy (7))
Integration over ¢ gives 2 r. Integration over 6 gives,

V(ll_C)D _ (%)1/2 fooo V(|7|)TSir;(kr) dr

A single integral for f"s depending only on r

Foreven f(x), [, f(x)dx =2 [.” f(x)dx
For odd f(x), [ f(x)dx =0

e.g.f(x) = (x%+a?)™?

pk) = (Zﬂ)"f

e kX = coskx — i sinkx

1 » 1/2
P = 202m) 72 [ 7, 8 iy = (Z) 7 g ekl

FTof e = (2/1)-1/2e-§

Since [ f(x)x8(x)dx = 0, x8(x) =0

And —8(x) = x8'(x), ||| 8(ax) = a *8(x)
§(x") = limy_q me—(x—@z/zfﬂ

X' =x—%

P(x) = L ageut (%)

a = [ uj ()p(x)dx

W) = [k f ui ) e ()] P(x")dx’



= 0(x —x") = Xpup (") ug (x)
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Generalizing to N dimensions

Zj ¢}k(?1 ---?N)(pj(?ll wTy) =680 — 1) .. 8@y — Ty)

Using in (4) earlier

Q= h™3N [ .. e iEPTk g BH i SPCTgp,  dGy dF, ... dFy

H Contains 7? and does not commute with exp({i %Z ﬁk.Fk}

Eq (1) above is a phase space integral except we have H in place of H
Kirkwood’s suggestion

e‘B}[e_éZﬁ"'F" = e‘ﬁHe_é2’5"'7"w(ﬁ1 T, B) = F((Py .. Ty, B)

2 Q=h>3N[ .. [dp,..dpye PR w(@, ...7y)

As h — 0,w — 1, the classical limit except for the N! term in the denominator

W contains quantum corrections to the classical partition function

ica 2
9F _ 8 e~ BH o LPkTk
o 9B

0

551 = BH + BH? . ]enZPeTk = geF,

Bloch differential equation with the boundary condition F (8=0) = er 2 PrTk

To solve, expand w in powers of A

W(T-)l,Fz FN'T-)l Fl,ﬁ) = Zfio hlwl(ﬁl FN’B)

Solving
wy =1
i o
wq = m Z]p]V]U

)



Alternatively in evaluating trace {(5|e " |p)} if (BH)"|B >= (BE,)™|p >, which is valid in the

classical limit.
But this is not valid. e.g.

—(BH)?|p >= B*HH|p > = B*HE,|p >

= prae {53 2t Uy} 15 >

i=1 2m;

3N [))ZhZ aZ
=1 2m; 9q?

Uy

=B%E,|p>—-X p>

1 92
= {ﬁzEpZ - ?ile%ﬁ 942 UN} lp >
i

41

h

A= , The de Broglie thermal wavelength

2mmkgT

e a2
= Classical limits holds when A; and/or PP Uy are very small
i

A; should be smaller than the mean particle separation.

Examples:
liquid T:(K)
H, 14.05
Ne 245
CH, 90.7
N, 63.3
CCl, 250

Phase diagram of a monatomic species

A(A)at T;
3.3
0.78
0.46
0.42
0.09

A/a
0.97
0.26
0.12
0.11
0.017

Hrot/Tt

6.1

0.083
0.046
0.001



Liquids exists between T; and T,

Ky No3

EN B T :kBT/E“'l,p =7~1

Classical Liquids: Momenta integrated out.
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Phase space trajectories

N particle system (in volume V), 7, ...7y and p; ...py or 7V and p" are its coordinates and momenta.
Notation 7V = {7, ... 7y}

Given the initial conditions, equations of motion (EOM) determine systems evolution

5 _dpi _ g _ dUy , 2
pi= =Fi=—% tF

() = B:;(0) + [, Fy (thdt!, i=1,..N
R =70 + f; 2 e

Phase or phase point T = {7} ... 7y, D1 ... Dn }
6N variables:

As t changes, T’ changes. System evolution is represented as a phase space trajectory.

€.0. SHO, periodic

| —’_/ @Dp

q

Free particle subjected to
an external force




Features of phase space trajectories (these are not particle coordinate trajectories in time)
1) Constants of motion do not change along a phase space trajectory (PST)
2) Isolated system moves in a small part of PST along which the constants of motion are fixed
3) Ergodic hypothesis: A trajectory passes through every point in phase space consistent with the
constants of motion

4) After how much time will the system return to the original or the initial phase point
Poincarre reccurence time.

For periodic system, it is well defined. For others it could be too large.
e.g. A beaker of water. 10° years?
Dynamical variables B (I') completely determined by the phase pointT'.

B\ . -
(E)r = 0. We can obtain (B);, or B

B 5N (254225
dt_ =1 aﬁipl a‘—jiql

Use Hamilton’s equations (equivalent to Newton’s Laws or Lagrange’s EOM)

2 - -
H = lep_;n‘l‘ UN(T1 ...T'N)

iB 3N(6B oH , 0B aH)
o — = “TN0q0p; 9p04;) = {B H}
dt a poisson Bracket

If B is a constant of motion, {B,H}={H,B} =0
Quantum mechanical analogy
B- B,<B>=[y*Bydr

B =

so)
Il
S
w
=
Il

% [BH — HB], acommutator Bracket



Heisenberg equation of motion

A more compact form of Z—f IS

0B OH 0B 6H)
0q;dp; 9p;0q;

dB_. _ 23N
L~ iLB,L=1iY; (

_ itg . itg
Solution “B(t) = e r"B(0)er”
A (be) ‘fore’ part and an ‘after’ part

For a general variable that depends on I as well as t, as in C (T, t)

&= Gt G =), vee

L = Liouville operator

Liouville equation: Basic equation for an non-equilibrium stat mech
N = no. of systems in the canonical ensemble of N particles

Att =ty a perturbation is applied.

We want to study the evolution. Different members (of the ensemble)

Execute different PSTs

fT, 8T = fF({B"}3,{d"}, ) 8P ... 8P - 8

= fraction of members of the ensemble at " in a volume element 6T
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At equilibrium £, (T, t) = e‘BH/f pn dT

[ f(r,0dr =1 S[fHdr=0 forafixeddr, 5 =0

To see this in a volume element,
f(T,t)ér r
Volume element dI” at

q, +6q,
q1



Time dependence of f(T,t) comes about through the time dependence of g & p

Consider two faces 1" to the g, axis at q; and q; + dq4

No. of trajectories entering through g, in unit time = Nf(T, )4, 6,645 ... 6q3N
N | S —————
how q4 changes No.of points in phase space
with time atthe areaatq,

No. of points leaving through q; + 6q; =Nf(q; + 891,92 - P3n)41(q1 + 691,92 - P3n)Oq2

in unit time

Expand f and g, and retain terms linear in 6q,
- of SPRIAEY
=N (f toa 8q1) (q1 t 5q1) 64z - 8q3N

Net flow through the q;face in unit time = N (:Tf q: + fg—?j) ar
1 1

Net flow through all faces in unit time is

oF . 84, . of . ap
=-NYY (qu + fa—qi*’a—mm + fa_pi)d r

This equals the net flow/ charge of points in the volume element d T, i.e. (M)F

at

Use Hamilton’s equations

4y 0By _ 0% 0PH _
dq; 0p; 0qidp; 0pidq;

LOr _ 3N(a_f-. a_f-.)__ 3N (a_fa_H_a_fa_H)__
“ 50 = 721 (5g, i F 5 Pi) = ~ 2= 3,3, ~ aprag,) T LA

af _ (of _ P ;
Or - = (at)r‘ + [f,H] = 0, the Liouville equation

6q3N



Interpolation: Conservation of density in phase space

e Shape of the surface 6T changes with time without changing volume

tht+ dt

to

N~

Same no. of points 6T, = 6 ['s;

Conservation of extension in phase space
Phase space trajectories never cross
Cloud of phase points behaves like an in compressible fluid

f(p,q t)

f (po, do, 1)

N
L=~ Hy = - iLf®

f@EN, BN, 1) = e N (FEN, Y, 0) while B(t) = e** B(0)
Comparing with rotating a vector vs. rotating the coordinating frame

e Liouville equation reversible in time, like Newton’s laws or Schrodinger eq. unlike chemical

kinetics, Brownian motion or the Boltzmann equation.
Applications:
1) Various approximation schemes originate from Liouville Equation.

Reduced probability density functions (P D Fs)



Ensemble and system interpretation of fN(#N,pN,t)
Reduced P.D.F

- - N! - - >N — SN —
f(n)(rn,p",t) — = f---ffN(TN, N,t) d#N nde n

>(N-n) _ - - -
drWN=1 = 47, 1 APy, ... ATy

= probability of finding any subset n of N particles at 7, ... 7y irrespective of the remaining particles.



