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ABSTRACT
Single molecule tracking experiments inside a hydrated polymer network have shown that the tracer motion is subdiffusive due to the
viscoelastic environment inside the gel-like network. This property can be related to the negative autocorrelation of the instantaneous dis-
placements at short times. Although the displacements of the individual tracers exhibit Gaussian statistics, the displacement distribution of
all the trajectories combined from different spatial locations of the polymer network exhibits a non-Gaussian distribution. Here, we analyze
many individual tracer trajectories to show that the central portion of the non-Gaussian distribution can be well approximated by an expo-
nential distribution that spreads sublinearly with time. We explain all these features seen in the experiment by a generalized Langevin model
for an overdamped particle with algebraically decaying correlations. We show that the degree of non-Gaussianity can change with the extent
of heterogeneity, which is controlled in our model by the experimentally observed distributions of the motion parameters.

Published under license by AIP Publishing. https://doi.org/10.1063/1.5128743., s

I. INTRODUCTION

Diffusional or thermally driven transport is ubiquitous in
nature.1–3 Such transport in a uniform and homogeneous medium
is characterized by two key properties: (a) a linear growth of the
mean-square displacement (MSD) with time and (b) a Gaussian
distribution of the random displacements. However, depending on
the properties of the medium, such transport may be affected, lead-
ing to deviations in these properties. Previous experimental studies
in tracking of single molecules (SMs) have been immensely suc-
cessful in characterizing such transport at micron scales, across a
variety of complex materials and with improved precision.4–7 These
experiments allow us to infer the physical nature of the underly-
ing medium by studying the dynamical properties of the individual
SMs.8

Deviation from the linear growth in MSD is common in
stochastic transport. Here, the transport is nondiffusive, in a sense
that the MSD ∼ tα, with α ≠ 1. Such anomalous transport has been
widely studied before.9,10 A common occurrence of such processes
is in living cells11—few examples, among many, are in the case of

transport of mRNA molecules12 or chromosomal loci13 in bacte-
rial cytoplasm, movement of viruses inside HeLa cells,14 or diffusion
of proteins in the plasma membrane.15 Transport can be enhanced
in the presence of energy sources in the medium, where the phys-
ical system is essentially driven out-of-equilibrium. Such transport,
also called superdiffusion, is characterized by α > 1. Typical exam-
ples are transport inside living cells.16–19 The other possibility where
the diffusion itself becomes sublinear, i.e., α < 1, has also been
widely reported.20–22 Subdiffusion may arise in both equilibrium
and nonequilibrium systems and can be caused due to several fac-
tors: these include formation of trapping cages, obstruction barriers,
crowding, or stalling. Crowding plays a key role in anomalous trans-
port and has been studied before in a variety of scenarios—during
the transport of tracers in wormlike micellar solutions,23 proteins,24

membranes,25 and more prominently during transport inside living
cells.26–31 Even though crowding seems to be an important mecha-
nism leading to subdiffusion, it is by no means universal, as in some
cases interparticle interactions tend to slow down the diffusion.32

There are also other mechanisms that lead to subdiffusion.
One such well-known mechanism is the continuous-time random
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walk.33,34 This happens when a moving particle is trapped for long
periods of time in between its phases of movement35–37—such
long waiting times lead to a subdiffusive behavior. Another impor-
tant mechanism, which leads to subdiffusion, owes its origin to
the viscoelastic nature of the underlying medium. Such a medium
exhibits both elastic and viscous response at well separated time-
scales.38 As a result, the tracer moving in this medium experiences
a restoring force at short-times and a viscous response at large
time-scales such that in the trajectory, a step forward has a ten-
dency to be followed by a reverse step. For example, fluorescence
correlation spectroscopy experiments have shown that intracellu-
lar fluids within living cells exhibit viscoelasticity.39 Viscoelastic-
ity of a medium can be modeled using the generalized Langevin
equation (GLE).40–42 A detailed discussion on different stochastic
models of transport can be found in a review by Bressloff and
Newby.43

Recently, there has been growing interest in another class of
transport processes, which shows deviations from regular Brownian
motion. In this case, the underlying transport is Brownian, i.e., the
MSD grows linearly with time; however, the instantaneous displace-
ments are non-Gaussian.44–47 The non-Gaussian nature of Brownian
diffusion has been observed across a large class of systems: examples
range from tracer motion in colloidal, polymeric, and active suspen-
sions,48 beads diffusing in lipids,49 and transport of vesicles inside
biological cells.50 Other examples include diffusion in a dilute field
of traps,51 static disordered media,52 mesoporous media,53 dynami-
cally disordered thermal environments,54 delocalization,55 and het-
erogeneous media,56 tracers diffusing inside a polymer network with
traps,57 and more recently inside amorphous tetrahedral networks of
Brownian particles.58 Despite being observed across a wide range of
domains, the Fickian yet non-Gaussian diffusion is not ubiquitous
in soft matter.59

The simultaneous existence of normal diffusion with non-
Gaussian distributions of displacements indicates a violation of the
central limit theorem in a way that the random variables describing
the dynamics are not identically distributed.60 The physical origin
of this non-Gaussianity can be attributed to a medium with hetero-
geneity, which would suggest that the tracer moves with different
diffusion coefficients in different parts of the medium.49 For a non-
Gaussian distribution P(r, t), this can be understood as an averaging
of a Gaussian distribution PG(r, t∣D) with a distribution of diffu-
sion coefficients P(D), such that P(r, t) = ∫dDP(D)PG(r, t∣D).44

This idea has been previously used to explain non-Gaussianity—
theoretical studies showed that, for a Wiener process, drawing the
diffusion coefficients from a distribution will lead to independent
and nonidentically distributed random variables, which can even-
tually lead to non-Gaussian statistics.46,49,61–66 This has also been
tested in specially designed experiments using near-wall colloidal
dynamics.67

A naturally occurring medium may have multiple features, i.e.,
it can be heterogeneous as well as crowded. It is therefore reason-
able to ask how the motion of tracers in a medium with multi-
ple features is affected. The study of tracer dynamics as a func-
tion of their size inside colloidal gels68 has shown that the motion
can be both non-Gaussian as well as subdiffusive. Similar motion
properties were reported in single molecule experiments in bacte-
rial cells,18 which further suggested that the bacterial cytoplasm in
the absence of active forces has glass like properties. Moreover, the

dynamics of single fluorescent molecules in a hydrated/plasticized
polymer network (rubbery state) have revealed that different sub-
populations of tracers undergo either Brownian or anomalous subd-
iffusion (majority), while the displacement distributions evaluated
for a large number of tracers strongly deviate from being Gaus-
sian.69–71 All these experimental studies motivate us to investigate
whether Gaussian displacements leading to subdiffusion can also
result in a non-Gaussian distribution of displacements when the
condition of identical distributions is relaxed. To address this, we
first discuss the results of SM transport in a heterogeneous poly-
mer network reported earlier by Bhattacharya et al.,69 however,
with inclusion of more trajectories and a systematic reanalysis of
the experimental data. We explain the observations using a gen-
eralized Langevin equation for a particle navigating in a spatially
heterogeneous medium.

II. EXPERIMENTAL RESULTS
As a model heterogeneous system, we chose

poly(vinylpyrrolidone) (PVP), a high–Tg (428 K) amorphous poly-
mer often used as coatings on pharmaceuticals due to its water
solubility and biocompatibility.72 PVP is known to spontaneously
absorb moisture from the ambiance, resulting in a drastic lower-
ing of the Tg to below 295 K (plasticizes),73 forming a hydrated
and flexible polymer network. Earlier, Bhattacharya et al.69 reported
that beyond a threshold ambient relative humidity (RH) of 55%,
which corresponds to a Tg of ∼280 K, individual fluorescent molec-
ular tracers (Rh6G) of ∼1 nm dimensions undergo translational
motion through the rubbery polymer network [see schematic in
Fig. 1(a)]. Furthermore, the mobility of SMs, though diverse, was
found to be considerably augmented with increasing hydration level
of the polymer matrix owing to further lowering of the Tg .69 The
diversity in the mobility of single Rh6G tracers and their higher
propensity to undergo translational motion can be readily visual-
ized (see Ref. 69 for experimental details) via the trajectories of each
molecule in the time-averaged images [see Fig. 1(b)] at different
moisture contents of the hydrated PVP network. While SM tracking
in 2D (at 10 Hz) revealed a wide variety of translational dynam-
ics ranging from confined motion to normal diffusion, the dom-
inant translational behavior is subdiffusive irrespective of whether
measurements were performed at temperatures slightly above or far
beyond the Tg (i.e., at an ambient RH of ∼60% and ∼75%, respec-
tively). In contrast to the earlier report,69 here, we compare the
jump distributions of individual SMs [see Figs. 1(c)–1(d)] to that of
the ensemble [Figs. 1(e)–1(f)]. Furthermore, the jump-distribution
analysis presented earlier had ignored trajectories exhibiting qua-
siconfined motion. We have now performed measurements with
a larger number of tracers (1142 for RH ∼ 60% and 915 for
RH ∼ 75%) at slightly higher excitation powers (0.5 kW/cm2), and
tracked, using an automated multiple particle tracking software
(ImageJ, plugin: Mosaic) for all the molecules including those with
quasiconfined trajectories. While these trajectories were not long
enough (<100 frames) for reliable estimates of the MSD, the large-
ness of these data made it possible to have much lesser noise in
the main body of the displacement distribution as compared to
that shown in Figs. 1(e)–1(f). The results from this new experiment
at two different hydration levels of the PVP matrix are shown in
Appendix C (Fig. 10).
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FIG. 1. Transport statistics of tracer
molecules inside a polymer network. (a)
Schematic of the model system: a pas-
sive molecular tracer (blue) undergoes
transport inside a hydrated polymer net-
work (green). The effective free volume
available for movement can be controlled
by changing the ambient RH. (b) shows
the time average (over a span of 10 s)
fluorescence intensity images depicting
the motion of single Rh6G tracer in
the rubbery PVP thin films at differ-
ent moisture contents (insets showing
a blowup of representative SM trajec-
tory). The SM transport data were col-
lected for a 200 nm thick film at ambi-
ent RH of ∼60% and ∼75% under argon
atmosphere to minimize photobleaching
of probe molecules. The distribution of
displacements Δq = q(t + Δt) − q(t),
where q = (x, y) and Δt = 0.1 s, for
individual trajectories, is well approx-
imated with a Gaussian, as shown
for representative tracers at (c) RH
∼ 60% and (d) RH ∼ 75% (red cir-
cles indicate the Gaussian fits). How-
ever, the displacement distribution for all
the single molecules combined shows
a deviation from a Gaussian distribu-
tion (black squares) for both RH ∼ 60%
(e) and RH ∼ 75% (f). The non-Gaussian
behavior is retained even at higher lag
times (τ = kΔt = 1, 2, and 5 s, respec-
tively) for both hydration levels of the
polymer matrix.

A. Displacement distribution
The distributions of the displacements of representative indi-

vidual tracers Δq = q(t + Δt) − q(t), where q = (x, y), for low
(RH ∼ 60%) and high (RH ∼ 75%) hydration levels of the polymer
network are shown in Fig. 1. We see that typically these single-frame
jump distributions P(Δq) are Gaussian [Figs. 1(c)–1(d)], which
exhibit longer jumps at high ambient RH, compared to the case of
low ambient RH. On the other hand, the P(Δq) for all the trac-
ers taken together portray a different picture: irrespective of the
hydration level of the polymer network, the distributions are non-
Gaussian [see Figs. 1(e) and 1(f)]. This was again reaffirmed by our
fresh measurements (see Fig. 10 in Appendix C), where the weigh-
tage near the origin of the distribution is found to be much sharper
due to the inclusion of the quasiconfined trajectories. While P(Δq)
of individual SMs are Gaussian [Figs. 1(c) and 1(d)], their variances
are different, reflecting the spatial heterogeneity inside the poly-
mer network. The origin of this non-Gaussian behavior is therefore
clear: it is the act of combining nonidentically distributed random

variables. We show later that this observation forms the basis of
an important assumption on which the theoretical understanding
of the experiment is built. To further see the temporal evolution
of the displacement distribution, we also study the displacements
at larger time lags ΔqkΔt = q(t + kΔt) − q(t), where k = 2, 3, . . ..
We see that, while evolving with time, the distribution retains its
non-Gaussian feature [see Figs. 1(e) and 1(f) for τ = 1, 2, and
5 s], indicating that the system does not relax up to ∼5 s. This is
distinct from the previous experimental observation for colloidal
beads moving on lipid tubes,49 where the non-Gaussian behavior
was transient and reverted to a Gaussian distribution beyond a
critical τ.

B. Mean squared displacement
Next, we study the transport properties of individual trajecto-

ries in terms of their MSD. For a discrete experimental trajectory
qi = q(t + iΔt) with i = 0, . . ., M time points and a sampling step Δt,
the MSD is given by
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⟨Δq2
(τ = kΔt)⟩ =

1
M − k + 1

M−k+1

∑
i=1
(qi+k−1 − qi−1)

2. (1)

This is shown in Fig. 2 for an RH of ∼60% and ∼75%, respec-
tively. Although we have done the analysis for both the x and y-
components separately, here, we discuss the results only for one (x)
component. For better statistics at larger lag points, we discard the
short trajectories and plotted the MSD using 48 and 68 representa-
tive SM trajectories (for RH ∼60% and ∼75%), respectively. We find
that the vast majority of trajectories along either of the two indepen-
dent directions exhibit an anomalously growing MSD ∼tα with α < 1,
implying that the tracer moves subdiffusively in the hydrated poly-
mer network. In addition, the exponent α characterizing the MSD
does not have a fixed value and is distributed within a range with
α ∈ (0, 1). This is indicative of different regions of the polymer net-
work being distinct from each other, making the medium spatially
heterogeneous as a whole.

C. Autocorrelation function of the displacements
The correlation coefficient, i.e., the normalized autocorrelation

function, for the displacements is given by

ρqqk =
⟨(Δqi+k − ⟨Δqi+k⟩)(Δqi − ⟨Δqi⟩)⟩

⟨(Δqi − ⟨Δqi⟩)2⟩
, (2)

where ⟨⋯⟩ indicates that the average has been taken over the index
i. Figure 3 shows that for both the components (at RH ∼60% and
∼75%), Δqi exhibit a negative correlation at short times, approach-
ing zero as the lag τ increases. The negative correlation at the first
lag point is not an artifact of fluctuations as it persists even when
the autocorrelation is averaged over all the trajectories. These obser-
vations on the subdiffusive behavior and the negative autocorrela-
tion at small lag-times do not significantly change with the moisture
content of the polymer network.

D. Motion parameter statistics
To summarize, observations in Figs. 1–3 imply that, irrespec-

tive of the hydration level of the polymer network, the motion of

FIG. 3. Autocorrelation function ρqq(τ) for q ≡ x between the separations Δq with
lag time τ = kΔt for different sample SM trajectories (different colors) and for (a)
RH ∼ 60% and (b) RH ∼ 75% are shown. The averages over all the trajectories
are plotted in bold (black).

the tracer molecule exhibits two main features: (1) local subdiffusive
motion of individual tracers inside the polymer network, along with
a negative correlation in the displacements at short times, and (2) a
non-Gaussian distribution of the combined displacements of all the
tracers. The heterogeneity across the network can also be identified
in terms of the exponent α and generalized diffusion coefficient Dα,
which are defined through the power-law relationship for the MSD,
namely,

⟨Δq2
(τ)⟩ = Dατα. (3)

The motion parameters α and Dα can be estimated using a linear
regression by taking a logarithm of Eq. (3). However, since this equa-
tion involves quantities with physical dimensions, we first nondi-
mensionalize it. This is done by introducing a length-scale r0 and a
time-scale τ0 such that

⟨Δq2
(τ)⟩
r2

0
= (Dα

τα0
r2

0
)(

τ
τ0
)
α
. (4)

In the above equation, all the quantities are now dimensionless, with
the units being taken care off by the length-scale and time-scale,
respectively. Here, we choose r0 = 1 nm (typical size of a molecular
tracer) and τ0 = 1 s. Note that the value of Dα depends on the scaling
parameters but the exponent α remains unaffected. Moreover, the
distributions of α and lnDα will not change with an introduction of
any such scale factor. In what follows, we only report the statistics
of the dimensionless variables. We thus obtain the pair of transport
coefficients (α, lnDα) (Dα now dimensionless) by fitting the MSD

FIG. 2. Mean-square displacements
(MSD) ⟨q2(τ)⟩, for q ≡ x, of the indi-
vidual SMs (different colors) for (a) RH
∼ 60% and (b) RH ∼ 75% is plotted as
a function of lag time τ = kΔt. The expo-
nent α is always less than 1, indicating a
subdiffusive dynamics.
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FIG. 4. Cumulative distribution function
of the motion parameters α and ln Dα.
(a) and (c) show the α and ln Dα cumu-
lative distributions for RH ∼ 60%, while
(b) and (d) show them for RH ∼ 75%. A
fit (black lines) with the cumulative dis-
tribution function of the Gaussian with
appropriate parameters is shown to qual-
itatively demonstrate the closeness. The
inset in each plot shows the correspond-
ing distributions (histogram) with their fits
(black lines).

for each SM to the power law relation [Eq. (4)] using a linear regres-
sion on a double-logarithmic plot. Figure 4 shows the experimental
distributions of the exponent α and lnDα (both cumulative and the
original distributions) from which we see that both α and lnDα are
normally distributed. This form of distribution has been observed
earlier in context of the study of finite-sized MSD statistics.16,21,75 To
quantify the goodness of fit, we employ the Anderson-Darling test,
which is one of the most powerful ways of detecting deviations from
normality,74 the results of which are shown in Table I. We find that
the calculated value of the Anderson-Darling statistic A2 is less than
its value at 1% level of significance, 1.092, for the distributions of
both α and lnDα. This implies that we cannot reject the null hypoth-
esis that the quantities characterizing the anomalous diffusion α and
lnDα are normally distributed. In addition, the distribution is calcu-
lated only for the trajectories for which the correlation of Eq. (3)
on a log-log scale with a straight line is greater than 90%, which
turns out to be the case for the majority of experimental data (93
for RH ∼ 60% and 133 for RH ∼ 75%, with both x- and y-motions
combined).

The experimental observation is that α and lnDα are broadly
distributed points towards non-Gaussian distributed displacements
(see Fig. 1). This is a consequence of the nonidentical nature of the
distributions from which individual trajectories are drawn, and is

TABLE I. Anderson-Darling statistic A2 for the distributions of α and ln Dα.

RH ⟨α⟩ σ2
α A2

α ⟨lnDα⟩ σ2
lnDα

A2
lnDα

∼60% 0.64 0.20 0.68 7.74 1.08 0.38
∼75% 0.61 0.19 0.91 8.94 1.17 0.79

physically expected on account of the inherent heterogeneity of var-
ious parts of the polymer network. We further noticed that α and
lnDα are not independent of each other and the scatter diagram
shows a weak negative correlation (see Fig. 5), with values −0.34
and −0.45 for RH ∼ 60% and RH ∼ 75%, respectively. The rea-
son for this weak negative correlation could be due to the way the
two quantities are measured—α and lnDα represent the slope and
intercept of a straight line on a log-log scale [by taking logarithm
of Eq. (3)]. Due to local confinement within the polymer network,
the SM often has limited space available for its excursion such that
⟨Δq2
(τ)⟩ ≤ r2

c . Such a constraint leads to a negative correlation as
observed in the scatter diagram in Fig. 5. This is further explained in
Appendix B.

E. Scaling of the displacement distribution
While we look at the transport of the SMs in the polymer net-

work, does it remain unchanged or does it relax to some new con-
formation? A similar question has been raised and addressed earlier

FIG. 5. Correlation between α and ln Dα for (a) low (RH ∼ 60%) and (b) high (RH
∼ 75%) levels of moisture content of the matrix, respectively, being −0.34 and
−0.45 (shown by the red lines).
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by Wang et al.49 They found that for the case of diffusion of col-
loidal beads on lipid tubes, the displacement distributions revert to
a decaying Gaussian at long times, indicating the removal of het-
erogeneity. On the other hand, for the case of nanospheres diffusing
inside an actin network, such reversal was not observed. To address
this question, here, we study the time evolution of the distribution
of displacements Δq for both the high and low levels of ambient RH
in Fig. 6. Since the transport processes are subdiffusive, it is expected
that the distributions will spread as ∼tα/2, where α < 1. If the distribu-
tions at different times belong to the same parent distribution, with
the correct time scaling, they can be collapsed on a single curve. To
achieve this, instead of using α as a fit parameter, here, we have used
the average value of α from the corresponding distributions, i.e.,
⟨α⟩ ≈ 0.64 for RH ∼ 60% and ≈0.61 for RH ∼ 75%. Interestingly
with this choice, we notice a reasonably good agreement, which indi-
cates that the average exponent obtained by fitting indeed gives a
reasonable description of the subdiffusive behavior. In addition, we
notice that up to kΔt = 5 s, the nature of the distribution remains
non-Gaussian (Fig. 6). This essentially implies that the system does
not relax up to 5 s, an aspect might be relevant in the context of
drug delivery applications. Controlled drug delivery through poly-
mer thin films (especially hydrogels) is an emerging technology,76,77

which relies on diffusion of drug molecules through a polymer net-
work so that the specific dosage of the drug can be released to the
target site over a long time.

Earlier, it has been observed that the central portion of such
non-Gaussian distribution resembles closely an exponential distri-
bution.44–47,49 To check that we have plotted the corresponding

FIG. 6. Scaling of the displacement distribution Δq(τ) for different lag times
τ = kΔt (in seconds, see legend) and for (a) RH ∼ 60% and (b) RH ∼ 75%.
It is observed that when the distributions are appropriately scaled with a factor
Δtα /2, they collapse on a single curve. Here, Δt = 0.1 s and α values are 0.64 and
0.61, which are the average exponent values obtained from Figs. 4(a) and 4(b) for
RH ∼ 60% and RH ∼ 75%, respectively. The continuous black line shows the
exponential fit for the different RH levels.

exponential distribution ∼exp[−β|Δq|], here, β is a fit parameter (see
Fig. 6, solid line). For both the hydration levels, the non-Gaussian
behavior closely resembles the exponential distribution. However,
the experimental distribution deviates from the exponential fit near
the tails—this could be a limitation of finite data sets available from
the experiments.

Based on our above analysis of the experimental results, in
Sec. III, we present a minimal model to physically understand the
experimental observations. Although the experimental measure-
ments are done in 2D, here for simplicity we perform the theoretical
study in one-dimension. This idea can be easily extended to higher
dimensions.

III. THE MODEL AND NUMERICAL RESULTS
Our analysis of experimental data for individual SMs provides

two important evidences: (a) the negative correlation of Δqi at short
times and (b) anomalous diffusion of the SMs with 0 < α < 1. These
two aspects taken together hint at a viscoelastic nature of the poly-
mer networks. The elastic response of the network at short time-
scales causes restoring forces on the tracer, thereby introducing a
memory in the displacement autocorrelation as well as causing sub-
diffusion. Both these features can be explained appropriately using a
generalized Langevin model. We discuss below the necessary details
related to the model itself and address how we employ this model to
explain the experimental observations.

The generalized Langevin equation (GLE)40 describes the
motion of a particle in a viscoelastic environment. The environment
acts as the heat bath at temperature T, providing random kicks on
the particle in the form of a Gaussian noise and viscoelasticity dic-
tates the nature of correlations.41,42 The GLE describing the motion
of an overdamped particle in an external potential V = V(x) in a vis-
coelastic environment with power-law decaying noise correlations η
is written as

∫

t

0
dt′η(t − t′)ẋ(t′) = −V′(x) + ξ(t). (5)

Here,

⟨ξ(t)ξ(t′)⟩ = kBTη(∣t − t∣′) = kBTηα
∣t − t′∣−α

Γ(1 − α)
, (6)

in accordance with the fluctuation-dissipation relation78 and Γ()
is the gamma function. Here, ηα is the generalized friction coeffi-
cient and α (with 0 < α < 1) is the exponent of subdiffusion. In the
limit α → 1, ⟨ξ(t)ξ(t′)⟩ → kBTηαδ(t − t′), such that Eq. (5) reduces
to an overdamped Langevin equation for a Brownian particle. It
can be shown that the mean square displacement of a free particle
[V(x) = 0] following Eq. (5) increases sublinearly with time41

⟨x2
(t)⟩ =

2Dαtα

Γ(1 + α)
, (7)

with Dα = kBT/ηα as the generalized diffusion coefficient. In addi-
tion, successive steps Δx(t, Δ) = x(t + Δ) − x(t) are also anticorre-
lated,79

⟨Δx(t,Δ)Δx(t − nΔ,Δ)⟩ =
[(n + 1)α + (n − 1)α − 2nα]Δα

Γ(α + 1)
, (8)
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which is negative for 0 < α < 1 and reduces to the well known
result by Jeon and Metzler79 for n = 1. The derivation, following
their work, is outlined in Appendix D. These results imply that the
GLE captures two of the crucial aspects of the experimental obser-
vations, viz., subdiffusion and a negative correlation in steps. This
negative correlation in successive displacements is responsible for
the slower diffusion behavior of an overdamped particle moving
in a viscoelastic medium. Physically, the elastic component, which
is responsible for the memory, results in a restoring force, making
the particle revert its direction more likely than proceeding along
the original direction. Another important experimental observation,
which is due to the intrinsic heterogeneity of the polymer network,
is the fact that lnDα and α are distributed. To capture the essence
of it, we solve Eq. (5) in a spatially varying environment. The vari-
ability of the environment is modeled by the control parameters α
and lnDα, which, in accordance with the experimental observations,
are taken to be Gaussian distributed random variables. Thus, to gen-
erate a bead trajectory over a long time, the entire time duration is
broken up into smaller subintervals and for each subinterval a pair
of α and Dα are chosen from the respective fits to the distributions
(see Fig. 4). The size of the subintervals can be chosen in accordance
with the size of experimental trajectories. However, we find that this
is not a serious restriction as subintervals with equal length also
result in observations in accordance with the experiment. Physically,
this is equivalent to an ensemble of particles moving in heteroge-
neous environments, which are evolved for equal intervals of time.
This computational setup is almost equivalent to the experimen-
tal scenario, where multiple SMs are distributed on the entire net-
work and their movement is recorded simultaneously over the same
interval of time. We solve Eq. (5) numerically by Markovian embed-
ding41,42 (see Appendix A) into a finite dimensional set of stochastic
differential equations with Gaussian white noise.42 Figure 7 shows
all the main experimental features that are captured by the model,
namely, the non-Gaussian distribution of the position displacements
[Fig. 7(a)], the mean square displacement of the sample trajec-
tories [Fig. 7(b)], and the autocorrelation function between steps
[Fig. 7(c)]. The good agreement between experiment and simulation
for ρqq(τ) values as seen in Fig. 7(c) is not surprising since antiper-
sistent correlations in the velocity v, which is equivalent to the steps
Δq for an overdamped particle (since v = Δq/Δt, with the smallest Δt
fixed), are inbuilt in the GLE with algebraically decaying noise. We
further notice that the transport properties are independent of the
correlation between α and lnDα—we obtained similar non-Gaussian

TABLE II. Representative values of the parameters of subdiffusion, which lead to
distributions of Δx deviating from Gaussian (measured in terms of the kurtosis k).
The mean values of the respective distributions are ⟨α⟩ = 0.61 and ⟨ln Dα⟩ = 8.9.

σ2
α σ2

lnDα
k

0 0 0
0.2 0.5 1
0.1 0.7 2
0.2 1.0 3

distribution for both these cases (not shown here). Here, we only
report the results of numerical calculations for the case of high
ambient RH ∼ 75%, as those for the low values of ambient RH are
qualitatively similar. The numerically calculated distribution, how-
ever, deviates from its experimental counterpart at larger values of
displacements. This is due to the fact that the extreme values of
Dα and α, which have low occurrence probabilities, are not well
captured by the fits (Fig. 4).

The degree of non-Gaussianity of the displacement distribu-
tion depends on the extent of heterogeneity itself, i.e., on the width
of distributions of α and Dα. This is evident from Table II, where
we vary the widths of α and Dα and quantified the deviations of
the displacement distribution from a Gaussian by computing the
kurtosis k = ⟨Δx4

⟩/⟨Δx2
⟩

2
− 3. For σ2

α = σ2
lnDα

= 0, there are no
variations in the exponent of subdiffusion or the generalized diffu-
sion coefficient. However, for nonzero variations in α and lnDα, the
Gaussian nature of the distribution of normalized separations shows
exponentially decaying form, as observed in experiments. This is
well understood by looking at Fig. 8, where we plot the distribu-
tions of the normalized displacements Δx = x(t + Δt) − x(t) for
different values of ⟨α⟩, σ2

α , ⟨lnDα⟩, σ2
lnDα

as reported in Table II. It is
important to note that varying degree of non-Gaussianity has been
reported in earlier experimental studies.44,49,68,69 With decreasing
moisture content of the matrix, the heterogeneity increases, lead-
ing to stronger deviations in Gaussianity. In addition, the results of
our numerical study are independent of the nature of time intervals
chosen. For example, the above results are shown for fixed intervals
of time, however, we have obtained similar results with exponen-
tially distributed time intervals. We thus see that the dynamics of a
particle moving in a heterogeneous medium leads to exponentially

FIG. 7. Numerical results for RH ∼ 75%. We numerically study Eq. (5) for a free particle, i.e., V(x) = 0, in a varying environment at room temperature (T = 295 K). P(α)
and P(Dα) are taken from the experimental fits. (a) Comparison of the distribution of displacements from numerical calculations with the experimental data [RH ∼ 75%, see
Fig. 1(f) for Δt = 0.1 s]. (b) Variation of mean square displacement. (c) Comparison of the correlation coefficient of the separations Δq (here q = x) from numerical calculations
with the experimental ones [plotted earlier in Fig. 3(b)].
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FIG. 8. Distribution of separations Δx = x(t + Δt) − x(t) with kurtosis: (a) k = 0,
(b) k = 1, (c) k = 2, and (d) k = 3. Different values of the kurtosis k are
generated by varying the parameters of the distribution of α and ln Dα −
⟨α⟩, σ2

α , ⟨lnDα⟩, σ2
ln Dα

; with their representative values shown in Table II. It
is noted that the double exponential distribution p(Δx) ∼ exp(−|Δx|) has k = 3.

decaying displacement distribution, which is observed experimen-
tally for independent particles moving in different regions of the
polymer network.

IV. DISCUSSION
Polymer networks are typically viscoelastic in nature and

the elastic response at short time-scales gives rise to subdiffusiv-
ity.13,19,69,80 Furthermore, any spatial heterogeneity in the conforma-
tions of the polymer can significantly affect the transport of tracer
particles. In this paper, we have studied the effect of viscoelasticity
and heterogeneity in the transport of SMs using a combination of
SM tracking experiments and a computational model based on the
generalized Langevin equation. While viscoelasticity leads to hin-
dered motion slowing down transport, heterogeneity leads to a vari-
ation in the scale of the random force experienced by the tracer, lead-
ing to non-Gaussian fluctuations. However, viscoelasticity may not
be the only mechanism leading to subdiffusion—earlier experiments
on motion of tracers in polymer gels70 have shown that caging aris-
ing due to long waiting-times in traps can also lead to non-Gaussian
distribution of displacements.

Our detailed analysis of SM data from earlier experiments69 at
two different RH levels provides insights to understand the exact
nature of transport and to infer the material properties of the
medium. We found that the SM trajectories are composed of dis-
placements drawn from a symmetric distribution of exponential
form, as opposed to a Gaussian, which is expected along the lines
of central limit theorem. The deviation from Gaussianity is due to
the fact that we are looking at the distribution of random vari-
ables, which are nonidentically distributed. In addition, the tracer
molecules exhibit subdiffusion with an exponent, which has an aver-
age value of ⟨α⟩ ≈ 0.6, irrespective of the low and high levels of ambi-
ent RH. Furthermore, the distributions were found to spread ∼t⟨α⟩/2.
However, humidity does play a role in governing the subdiffusive
behavior in a sense that the average value of the generalized dif-
fusion coefficient associated with the subdiffusive motion is higher
for high level of ambient RH. Consequently, even though the mois-
ture content of the polymer network does not affect the exponent

of subdiffusion, it does play a decisive role in controlling the over-
all displacement of the tracer molecules. Interestingly, we also find
that the overall relaxation of the dynamical process is slower than
the measurement time-scales. Time evolution of the displacement
distribution indicates that the exponentially decaying form of the
displacement distribution does not converge to a Gaussian at least
up to a few seconds.

Finally, we provide a theoretical explanation of the observed
experimental results, by numerically studying the transport of an
overdamped particle in a viscoelastic heterogeneous medium. While
we model the stochastic transport in the viscoelastic medium by
using a generalized Langevin description, the heterogeneity of the
medium is modeled by choosing the motion parameters from nor-
mal distributions. The present construct of addressing subdiffusion
with non-Gaussian distribution of displacements is a generalization
of earlier works, e.g., the work by Chubynsky and Slater,46 which
address normal diffusion with non-Gaussian distribution of dis-
placements, where the diffusion coefficient changes instantaneously.
In practice, a particle moving in different regions has different diffu-
sivities, like in a state-dependent diffusion, which changes with the
location and the time dependence is implicit. Here, we incorporate
this in a rather conservative way by changing the motion param-
eters at regular intervals, mimicking the underlying heterogeneity
of the medium. Our present analysis might be useful to understand
transport inside more complex materials. The cytoplasm of a liv-
ing cell is one such interesting example—apart from being crowded
and heterogeneous, it is also driven out-of-equilibrium. Whether
our existing theoretical framework can be generalized to study such
complex dynamics is a moot question and needs to be studied
systematically.

ACKNOWLEDGMENTS
We thank Sukanya Bhattacharya for providing experimental

data, which were used for reanalysis. R.K.S. thanks Igor Goychuk
for useful discussion on the numerical solution of the GLE. A.N.
acknowledges Industrial Research and Consultancy Centre (IRCC)
at IIT Bombay, India, and Science and Engineering Research Board
(SERB), India (Project No. ECR/2016/001967) for financial sup-
port. R.K.S. and J.M. thank IIT Bombay for Institute postdoctoral
fellowship and Ph.D. fellowship.

APPENDIX A: NUMERICAL SOLUTION
OF THE GENERALIZED LANGEVIN EQUATION

To numerically solve the GLE, we follow the method discussed
in Refs. 41 and 42. We employ this method here in context of
our study in the overdamped limit [Eq. (5)]. A recent study81 has
also used this method to study the dynamics of the GLE in the
overdamped limit. First, the infinite dimensional system in Eq. (5)
is Markov embedded41,42 into a finite dimensional system, which
is then used to generate the required trajectories. As discussed in
Refs. 41 and 42, this can be realized by approximating the power
law decaying memory kernel by a sum of exponentials of vary-
ing time-scales, viz., η(t) = ∑N

i=1 kie
−νit , which is identified with

the power law behavior for several time decades with exponen-
tial cutoffs. The numbers ki and νi define the Ornstein-Uhlenbeck
processes,
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ζ̇i(t) = −νiζi(t) +
√

2kiνikBTξi, (A1)

where ξi are unbiased Gaussian random variables with correlations
⟨ξi(t)ξj(t′)⟩ = δijδ(t − t′). The construction allows us to write the
power law decaying noise ξ(t) in [see Eq. (6)] as the sum of Ornstein-
Uhlenbeck processes, i.e., ξ(t) = ∑N

i=1 ζi(t).
41,42 Then, it can be

shown42 that the generalized Langevin equation in (5) is equivalent
to the following set of stochastic differential equations:

0 = −V′(x) −
N

∑
i=1

ki(x − xi), (A2a)

ηiẋi = ki(x − xi) +
√

2ηikBTξ(t), (A2b)

where we have introduced ηi = ki/νi. In order to demonstrate the
equivalence of Eq. (5) and (A2), define ui = −ki(x − xi), which
evolve as

u̇i = −νiui − kiẋ +
√

2kiνikBTξ(t)

⇒ ui = −∫
t

0
dt′ẋ(t′)kie−νi(t−t

′) + ∫
t

0
dt′
√

2νikikBTξi(t′)e−νi(t−t
′).

(A3)

Substituting the above result in Eq. (A2a) and using the results of
the Ornstein-Uhlenbeck process ζ i(t) lead to (5). This establishes
the equivalence of the finite dimensional Markovian embedding41,42

form to the originally non-Markovian generalized Langevin equa-
tion. It is noted that the finite-dimensional representation of the
non-Markovian system is an approximation, which serves the pur-
pose only for a finite number of time decades. The number of
decades, however, can be easily controlled by appropriately choos-
ing the time-scales ν−1

i and the number of exponentials to approx-
imate the algebraic decay.41,42 Hence, for all practical purposes,
like the one considered here, the Markov embedded form serves
as a fairly good approximation for the non-Markovian generalized
Langevin equation. We use ki = Cα(b)ηανα0/[b

α(i−1)Γ(1 − α)] and
ηi = Cα(b)ηανα−1

0 b(1−α)(i−1)
/Γ(1 − α) [Eq. (23) in Ref. 42]. Here,

Cα(b) is a fit parameter governing the degree of approximation up
to which the sum of exponentials identifies with the corresponding
power law decay. The scale parameter, b = 10, for decade scaling with
a sixteen term exponential approximation for the power law decay
(also see Fig. 1 in Ref. 41).

To summarize, the generalized Langevin equation in Eq. (5) is
equivalent to the Markovian embedded form in Eq. (A2). In order to
generate the trajectories, Eq. (A2b) is solved with initial conditions,
viz., x = 0 and xi = 0 at t = 0 to generate xi at time t + dt. The newly
generated values of xi are substituted into Eq. (A2a) to get x at t + dt.
For example, for a free particle, V′(x) = 0 ⇒ x = ∑N

i=1 kixi/∑
N
i=1 ki.

The process is then iterated to generate the subsequent trajectory.
A detailed discussion of this technique can be found in Refs. 41, 42,
and 81.

Often in experiments, the correlated transport causing subdif-
fusion is a finite-time phenomenon: after a sufficiently long time, the
diffusion limit may be recovered (α = 1),19,80 implying the existence
of a finite correlation time. In the current experimental setup, it is
not possible to see such long-time limits due to the loss of fluores-
cence by photobleaching, however, this feature can be captured with
our model. The power-law decay of the noise correlation function

FIG. 9. Using a finite number of terms to solve the generalized Langevin equation
via Markovian embedding results in subdiffusion only over a finite range. Beyond
this range, the exponential cutoffs, which are intrinsic to the method of solution,
become dominant over the power law decay, resulting in a normal diffusion. In the
present calculation, we use an N = 10 term approximation of varying time-scales
to fit the power law decay.

η(t) in principle can be obtained using an infinite sum of exponen-
tials, but taking a finite number of terms instead, as in our numerical
study, leads to a recovery of the diffusion limit at large times (see
Fig. 9).

APPENDIX B: NEGATIVE CORRELATION OF α
AND lnDα

As the tracer molecules move in a confined region of space,
there exists a cutoff length-scale rc beyond which the tracers do not
venture. In other words, ⟨Δq2

(τ)⟩ ≤ r2
c . However, the mean square

displacement is measured in terms of some length-scale r0 and time
in units of τ0, we have

⟨Δq2
(τ)⟩ = Dατα

⟨Δq2
(τ)⟩
r2

0
= (Dα

τα0
r2

0
)kα, (B1)

where we have introduced the length-scale r0 and a time-scale τ0
such that τ = kτ0, for some natural number k. As it stands, both the
sides of Eq. (B1) are dimensionless quantities. Invoking the values
used for analyzing the experimental data, we have r0 = 1 nm and
τ0 = 1 s. This retains the numerical values of the quantities being
measured, except that now they are dimensionless. Now, invoking
the constraint that the motion of the tracers is confined within some
region of space, we have

⟨Δq2
(τ)⟩ = Dαkα ≤ r2

c ,

where all the quantities in the above equation are dimensionless.
As a result, the variation in the MSD due to the variation in α and
lnDα is

δ ln⟨Δq2
(τ)⟩ = δ lnDα + δα ln k ≤ 0

⇒
δα

δ lnDα
≤ −

1
ln k

(B2)
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FIG. 10. Data from new experiments. The distributions of displacements
Δq = q(t + Δt) − q(t), where q = (x, y) and Δt = 0.1 s, for all the single molecules
combined are plotted for both RH ∼ 60% and RH ∼ 75%. Both of them show a
deviation from a Gaussian distribution.

and as ln k > 0 ∀ k > 1, the slope α and intercept lnDα change in
the opposite directions. Hence, for the case when the two quanti-
ties are randomly distributed, the scatter diagram shows a negative
trend.

APPENDIX C: DISPLACEMENT DISTRIBUTION
FROM NEW EXPERIMENTS

SM transport measurements were performed under identi-
cal conditions to those reported in Ref. 69, although a higher
(0.5 kW/cm2) excitation power (at 532 nm) was used. These mea-
surements yielded better signal to background for tracers, which
was necessary for tracking using a standard multiple tracking pro-
gram (ImageJ Mosaic). From several data sets (movies), 1142 (RH
∼ 60%) and 915 (RH ∼ 75%) SM trajectories, which exhibited trans-
lational mobility beyond 60 nm, were chosen for jump-distribution
analysis, irrespective of whether their motion was confined within
the diffraction limit. For better statistics, the displacements in x
and y for all molecules at each hydration level of the polymer were
combined (total events 122 104 and 88 772 for RH of ∼60% and
∼75%, respectively) to create the displacement distribution shown in
Fig. 10.

APPENDIX D: DERIVATION OF EQ. (8)
Starting with Eq. (5) for a free particle

∫

t

0
dt′η(t − t′)ẋ(t′) = ξ(t), x(0) = 0, (D1)

where ξ(t) is Gaussian noise with correlations following Eq. (6).
Transforming the above equation to Laplace domain we have

x̃(s) =
1
s
G̃(s)ξ̃(s),

⇒ ⟨x̃(s)x̃(s′)⟩ =
G̃(s)G̃(s′)

ss′
η̃(s) + η̃(s′)

s + s′
, (D2)

where we have used G̃(s) = 1/η̃(s) and the bivariate Laplace trans-
form of η(|t − t′|).82 In addition, we have also chosen kBT, ηα = 1,
without any loss of generality. Inverting the transform in Eq. (D2)

leads to 79

⟨x(t)x(t′)⟩ =
1

Γ(α + 1)
(tα + t′α − ∣t − t′∣α). (D3)

Define displacement at time t:Δx(t,Δ) = x(t +Δ)− x(t), which allows
us to calculate the correlation of the steps,

⟨Δx(t,Δ)Δx(t − nΔ,Δ)⟩
= ⟨x(t + Δ)x(t − (n − 1)Δ)⟩ − ⟨x(t + Δ)x(t − nΔ)⟩
−⟨x(t)x(t − (n − 1)Δ)⟩ + ⟨x(t)x(t − nΔ)⟩

= [(n + 1)α + (n − 1)α − 2nα]Δα
/Γ(α + 1), (D4)

where n ≥ 1. Using n = 1 and Dα = 1 results in the well-known result
shown by Jeon and Metzler.79

Now, let us look at the general behavior, i.e., for an arbitrary
value of n≫ 1, when n± 1 ≈ n⇒ ⟨Δx(t, Δ)Δx(t − nΔ, Δ)⟩ ≈ 0. Hence,
displacements temporally far removed from each other are nearly
uncorrelated. In addition, as n > 1, it is shown in a straightforward
manner using binomial expansion that (n + 1)α + (n − 1)α − 2nα < 0
for 0 < α < 1.
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